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Introduction
GOALS AND MOTIVATION

Random Reals

@ Space X = {0, 1}"-reals
Computable measure i on X, such as Lebesgue
(coin-toss) measure A
Biased (Bernoulli) coin toss A\, — probability p of “1”.

@ For o € {0,1}*, I[o] c {0,1}" denotes the set of infinite
extensions of .

@ Forany o € {0,1}", Aa(/[o]) = & (1 — a)" ", where
r=card({i:o(i)=1}).

@ X € X is p-random if it passes all (c.e.) u-Martin-Lof
Tests{G, : n € N}

@ 1(Gp) <2 "implies X ¢ (1, Gn.

@ Ais random relative to B if A passes all Martin-Lof tests
which are c.e. in B.
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Random Closed Sets

@ C is the space of nonenmpty closed subsets of {0, 1}.
@ (JLC 2007) A setin C is represented by a unique
X € {0,1,2}" as follows.
@ Let Tq be the tree {0 : [[o] N Q # 0}.
Let 09 = 0, 041,... enumerate Tq.
Let X(n) =2ifo,,;0 and 0,1 are both in T and
X(ny=i<2ifo,ie Tgbuto, (1—1i)¢ To.
@ This gives a computable homeomorphism between the
space {0, 1,2} and the space C of nonempty closed sets.
@ For any measure i on {0,1,2} and any B C C, let
w(B) = n({X : Qx € B}).
@ )\ a, gives probability a; to / < 2. Lebesgue measure
A= /\17%.
@ The cl30$ed set Qx is p*-random IFF X is u-random.
@ Two alternative characterizations will be discussed below.
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GOALS AND MOTIVATION

Varying notions of randomness

@ The main goal is to determine properties of random closed
sets and their members.

@ Another goal is to consider different notions of randomness
simultaneously

@ We will give two motivating examples:

@ EXAMPLE I: Let A, B C N. By van Lambalgen’s Theorem,
A and B are relatively random IFF A @ B is random.

@ Ao B={2n:nec A}u{2n+1:nec B}, forany C, let
Co={n:2ne C}and Ci ={n:2n+1 € C}, so
C=0Cya C.

@ AU Bis notrandom, since it has asymptotic density %.
Likewise, AN B is not random, since it has density ;.

@ THEOREM 1: If A and B are relatively A\-random, then
(a) AuBis )\%-random.

(b) AnBis )\%-random.
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Proof of Theorem 1

@ Let A and B be relatively random, so A® B is random.

@ Given a Martin-Lo6f test {Gj, : n € N} for AU B, we convert
it into a Martin-L6f -test { V,,} for A® B as follows.

@ Let F(C) = CoU Cy and let V,, = F~'(Gp).

@ This will be uniformly c.e. since F is computable and
{Gp : n € N} is uniformly c.e.

@ LEMMA 1: For any Borel G C {0,1}", A\3(G) = A\(F'(G)).

@ Now suppose that A and B are relatively4random.

@ Then for any Martin-L6f test { G, : n € N} with
Ag(Gn) < 27", we have MF~(Gp)) <27

@ Thus, forsome n, A® B ¢ V, = F~1(Gp) and hence
AUB=F(A® B) ¢ Gp.

@ Hence AU Bis As-random.

@ The proof for A ﬂ4B is similar.
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Example Il

@ Let Q be a random closed set (for Lebesgue measure).

@ Being closed, Q must have a leftmost element Ly and a
rightmost element Rq.

@ Lq and Rq are not random (for Lebesgue measure)— it is
known that Ly has asymptotic density % and that Rq has
asymptotic density 2.

@ THEOREM 2 [JLCO7] If the closed set Q is Martin-Lof
-random, then the leftmost element Ly of Q is A1-random
and the rightmost element Ry is /\%-random. ’

@ A natural question for an arbitrary measure p on {0,1}N is
whether any (some?) random closed set Q contains a
u-random element.
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Proof of Theorem 2

@ We sketch the proof for Lg. Let v = A%.
e For U C {0,1}, let
S(U)={Q:Lgec U}

@ LEMMA 2: For any Borel set U, \*(S(U)) = v(U).

@ Given a v-Martin-L6f test {V,, : n € N} for L, convert this
into a Martin-L&f test S(V,,) : n € N} for Q.

@ Then p*(S(Vy)) < 27" by Lemma 2,

@ Thisis a c.e. test, since if V, = |J; l[on,], then
S(Vn) = U; SU[on.])-

@ If Qis Martin-L6f random, then for some n, Q ¢ S(V,,) and
hence Lq ¢ Vj.

@ Hence Lq is v-random.

@ The proof for Rq is similar
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Proof of Lemma 2

Induction on clopen sets

For U = (), S(U) = (—both measure 0

For U = {0,1}, S(U) = {0, 1} x C— both measure 1
LetU={x:i"xeU}and Q ={x:i"x € Q}.
Case l: (0) € To: Then Q € S(U) = Q € Up.
Case ll: (0) ¢ Tq: Then Q € S(U) < Q@ € Us.
Hence \*(S(U)) = 2X*(S(Wp)) + 3A*(S(Uh))

By induction, this = $v(Up) + §v(U;) = v(U).
Induction on Borel Sets—it suffices that

S({0,1}N — U) =C — S(V)

S(Un Un) = U, S(Un)
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A Converse to Theorem 1

e THEOREM 3:
(i) If Cis A,.g-random, then there exist A and B such that
C = AnNB, Ais \,-random relative to B and B is
Ag-random relative to A.
(i) 1f Cis A_(1—a).(1—p)-random, then there exist A and B such
that C = AU B, Ais \,-random relative to B and B is
Ap-random relative to A.

@ PROOF of Part (i): Suppose that C is \,.g-random.

1a)

o Letp=1% o1=0) ﬁ') Jletg=5-"7"

and let r = %ﬂ‘ﬁ).
@ Lety = (p,q,r)andlet g € {0,1,2}" be y-random.
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Proof Continued

@ Define A and B as follows.
feA < ieCV g(l)=0;
ieB < ieC v g(i)=1,

@ Certainly C = AU B. It remains to show that A is « random
and B is § random.

@ Define the computable map
F:{0,1}"®{0,1,2}" — {0,1}" by

F(X,f)=XU{i:f(i)=0}.

sothat F(C,g) =
@ (C,9)is (a- ) @~ random by Van Lambalgen’s Theorem.
@ LEMMA 3: For any open set U, \,(F~1(U)) = (V).
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Ghost Codes

@ There is an equivalent formulation of randomness for
closed sets via ghost codes (JLC 2007).

@ Simply enumerate all strings from {0,1}* as 7, 7y,... and,
if 7» € Tp, we use X(n) € {0, 1,2} to determine the
branching below 7.

@ When 7, ¢ Tp, the ghost code X(n) is not used in the
definition of P.

@ Thus the ghost code definition X of a random closed set
contains a lot of unused information.

@ The representation by ghost codes is not unique.

@ Any closed set has a non-random representation —just let
all of the unused ghost codes be 0.

@ THEOREM (JLC 2007) A closed set is random iff there is a
random representation by ghost codes.
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Galton-Watson Trees

@ Another formulation of via Galton-Watson trees.
See Diamondstone—Kjos-Hanssen (CIE 2009)

@ Let 7, € Sy iff X(n) = 1-independently for each n.

o lette Ty «— (Vo <r1)oe Sx.
The tree Ty is Galton-Watson random with survival
parameter p > 1 if X is A, random.

@ X(n)is notused if 7, ¢ Ty.

@ The representation by Galton-Watson trees is not unique
and any closed set has a non-random representation.

@ Qx might be empty even for a random X. For p < ,
Qx = 0 for all random X.

@ THEOREM 4 (Axon,D-KH) For p > % a (nonempty) closed
set Q is Martin-L6f random with respect to the measure
M _p,1—p, iff there is a Galton-Watson tree Tx with survival
parameter p such that Q = Q.
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Unions of Random Sets

@ THEOREM 5: If Py and Ps are relatively random closed
sets, then Py U P» is p*-random, where p = )\1 1

@ The intuition is that if o € Tp, p,, then o will have a single
extension (/) only when this is true in both Py and P,
which is once out of 9 cases.

@ PROOF OF THEOREM 5: Let v be the product measure
on {0,1,2}N x {0,1,2}N.

@ Forany UCC, let S(U)={(X,Y): QyuUQy € U}.

@ LEMMA 3: For any Borel set U C C, u(S(U)) = A*(U).

@ Now given a p*-Martin-Lof test {U,, : n € N} for Py U Py, let
Pi = Qyx fori=1,2.

@ Then the sequence {S(U,) : n € N} is a v-Martin-L6f test
for Xi @ Xo. Hence there exists n such that
X1 ® Xo ¢ S(Up), sothat Py N Ps ¢ Up.
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Intersections of Random Sets

@ THEOREM 6: If P and Q are relatively random closed
sets, then PN Q = 0.

@ PROOF: We show that {(P, Q) : PN Q = ()} has measure
one in the space of C x C. Here we use the original
representation from JLCO7.

@ Let P ={X:i"X € P} and similarly for Q.

@ PN Q = 0 in the following cases.

@ Case I: P only branches left and Q only branches right or
vice versa. This has probability %.

@ Case Il: Not Case | but either P or Q has only a single
branch (i) and P; N Q; = 0. This has probability % -m.

@ Case IV: P and Q each have both branches and
P; N Q; = 0 for both i = 0, 1. This has probability & - m?.

@ Hence gm*+§m+2%=m.

Thus m? —3m+2 = (m—1)(m —2) =0 and it follows
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Nonempty Intersections

@ THEOREM7: Let0<qg< 1 — § and suppose P, and P;
are relatively \p , random closed sets, Then Py N Py is
either empty or is A, , random with r = 1 — g2,

@ PROOF: Let Py and P be relatively \q 4 random.

@ Then by D-KH, Py and Py are the sets ([T;]) of paths
through relatively random Galton-Watson trees Ty and T;
with survival parameter p =1 — q > 2 > 1.

@ That is, there are \, random sets X, and Xj in {0, 1}"
which define Ty and T4 as above.

@ Now define X = Xy N X;. It follows from Theorem 1 that X
is p? random. Note that p? > .

o letr,eS << neX.
letThe S <= ne X,sothat S= 5N S;
andlet7e T < (Vo <71)o€S.
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Existence of Nonempty Intersections

@ THEOREM8: If g <1 — @ then there exist relatively \q g
random closed sets P and P such that PN P # (.

@ PROOF: It suffice to show that the set of pairs with empty
intersection has measure m < 1.

@ Following the method of Theorem 6, we see that mis a
root of the equation

(1-4g+4¢°)m? +(4g-6G° —1)m+2g?) =0
2¢°

(1-2q)%°

@ It can be checked thatif g < 1 — % then the second root
is < 1 and will be the actual measure.

@ Thishasroots m=1and m=

Random Variations



Alternate Approaches
UNIONS AND INTERSECTIONS
RANDOM CLOSED SETS MEMBERS OF RANDOM CLOSED SETS

Members of Random CLosed Sets

Some results from Barmpalias et al

Every random closed set has a random element

Random sets do not contain n-c.e. elements.

There is a random closed set with no Ag element.

Every strong AJ random closed set contains a Ag element.

For any random real A, there exists a random closed set Q
with A € Q.
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Is X a Member of a Random Closed Set

@ Letp=277,

@ Bjorn Kjos-Hanssen has shown the following: (and more!)

@ THEOREM (KH): If X has effective Hausdorff dimension
> v, then X is a member of some )\, p, random closed set.

@ THEOREM (Diamondstone-KH) If X is a member of some
Ap,p-random closed set, then X has effective Hausdorff
dimension > ~.

@ COROLLARY: Let X € {0, 1} be a Ag-random. Then
there exists a \p p-random closed set Q containing X IFF
p<g<i-p.

@ We will examine the reverse question: Given a random
closed set Q, for which g does Q contain a g-random
element.

@ The general problem is to determine the nature of the
members of a random closed set.

Random Variations



Alternate Approaches
UNIONS AND INTERSECTIONS
RANDOM CLOSED SETS MEMBERS OF RANDOM CLOSED SETS

Selectors

@ A function F: C — {0,1}" is a selectorif F(Q) € Q for all
nonempty closed sets Q.

@ Given a measure p* on C, a selector F will induce a
measure . on {0, 1} where

@ DEFINITION: up(U) = p*(F~1(U)) for all sets U.

@ For example, if F(Q) = Lg and u* is the standard
(1/3,1/3,1/3) measure on C, then yr is the measure A3
on {0, 1},

@ LEMMA 6: For any computable measure y, if Qis a
w*-random closed set, then F(Q) is a pg-random member
of Q.

@ PROOF OF LEMMA 6: It follows as in Lemma 2 that any
Martin-Lo6f -1.F test for F(Q) can be converted to a
Martin-Lof -u* test for Q.

This shows again that L is A1 random.
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Uniform Selectors

@ A function F: {0,1} x C — {0,1}" is a uniform selector if
F(Y,Q) € Qforall X € {0,1}" and all nonempty closed
sets Q.

@ Given measures v on {0,1}N and p* on C, let v @ u* be the
product measure on {0, 1} x C. Then a uniform selector
F will induce a measure ¢ on {0, 1} where

® ur(X) = (v u*)(F1(X)).

@ LEMMA 7: Let A and i be computable measures and let F
be a uniform selector as above. Then for any p-random Q
and any Y which is A\-random with respectto H(Y, Q) is a
Ar-random member of Q.

@ PROOF OF LEMMA 7: It follows as usual that any
Martin-Lof -pr test for F(Y, Q) can be converted to a
v @ p* test for Q.
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Example

@ EXAMPLE: Let H(Y, Q) = X be defined recursively so that
given X[n € Tq,
X(n) = i whenever X[n has unique extension i in Q and
X(n) = Y(n) when X[n has both extensions.

@ Note that if Q is not perfect and H(Y, Q) is isolated in Q,
then H(Y, Q) is still defined and only makes use of finitely
much of Y.

@ LEMMA 8: uy is standard Lebesgue measure.
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Proof of Lemma 8

@ PROOF OF LEMMA 8: Suffices to show for subbasic sets.

e Let U = /[(0)], which has measure 3.
For H(Y, Q) € U, either
(0) Q begins with (0) and Y is arbitrary
—this has measure 1 - ;or’)

(1) Q begins with both (O) and ( )yand Y(0) =0
—this has measure § - 1 = 1

Hence uy(U) = 5 also.

For U = I[(1)], the proof is similar.
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The Induction

@ For the induction, let |o| = n with o(0) = 0 without loss of
generality and consider
o =(o(1),...,0(n—1)),and
Y =Y(1),Y(2),...)

° \(U) =5\

0 pr(U) =5 -ur(U) + 3 - 5-ur(U) = jur(U) = 30(V)
where the first summand is for Q with single branch (0) and
the second is for both branches.
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The Random Selector

@ THEOREM 10: For any computable measure y, if Qis a
random closed set and Y is a random real, then H(Y, Q) is
a random member of Q.

@ PROOF OF THEOREM 10: This follows from Lemmas 7
and 8.
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The Natural Measure 1

@ Now fix a perfect closed set Q and let Hg : {0,1} — Q by
Hq(Y) = H(Y, Q).
@ Hgq is a homeomorphism.

@ Define the "natural” measure 1.q on the space Q by
pa(U) = A(Hg' (V) = phy(U).

@ THEOREM 11: For any random closed set Q,
uwo({X € Q: Xisrandom} = 1.
—that is, almost all members of Q are Martin-L6f random.
PROOF: Since Q is random, it follows that almost all Y are
random relative to Q and thus Hp(Y') is random for almost
all'y.
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Ap-Random Members of Random Sets

@ THEOREM 12: For any random closed set Q and any p
with I < p < £, Q contains a Ap-random real.

@ PROOF OF THEOREM 12: Fix pand let g = 3p — 1.
@ Let Y € {0,1}" be \g-random relative to Q.
@ LEMMA 9: 1y equals )\%

@ Ho(Y) =X € Qis \p random.
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Non-Symmetric Randomness

e THEOREM 9 Revisited: Let Q be a A\, p-random closed set
andlet b < p <1 —a. Then Q contains a A\p-random
element.

@ INTUITION: The leftmost path is A\p-random and the
rightmost path is Ay_g random.

Let g = {222 b and let Z be g-random.
Now let X = H(Z, Q) € Q.
CLAIM: X is p-random.

Observe that Y @ Q is p-random, where ;o = Aqg @ A p.
Hence the following Lemma suffices

o LEMMA 7: )\, = pur.

Random Variations



Alternate Approaches
UNIONS AND INTERSECTIONS
RANDOM CLOSED SETS MEMBERS OF RANDOM CLOSED SETS

Asymptotic Density

@ Let limycard(A N n)/n be the asymptotic density of A.
If Ais A\p-random, then A has asymptotic density 1 — p.

@ Hence for any p with § < p < £ and any random closed set
Q, Q contains an element with asymptotic density p.

@ THEOREM 13: There exists p < % such that any random
closed set Q contains an element of asymptotic density p.

@ PROOF OF THEOREM 13: For any tree T C {0,1}=3, let
M(T) be the leftmost path of T among those with the most
0’s.
Define the selector F(Q) = Y recursively as follows.

@ Let To = Tn{0,1,2}=3 and let
(Y(0), Y(1), Y(2)) = M(To).

@ Given y[3n,let T, = {o € {0,1}=3: Y[3n" 0 € T} and let
(Y(3n),Y(Bn+1),Y(Bn+2)) =M(Tp,).
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Proof Continued

@ By Lemma 6, any random closed set Q contains the
Ar-random path M(Q).

@ LEMMA 7: If X is A\y-random, then X has asymptotic
density & — -3.

@ PROOF: Analysis of the possible trees of height 3 shows
that M(T) is the leftmost path L(T) except when
L(T) =011 and M(T) = 100, which occurs with probability
525+

@ Thus the expected number of 1’siin M(T)is 1 — % (out of
3).

@ By the Law of Large Numbers (e.g. Chernoff’s Lemma)
any \y-random sequence will have this expected
asymptotic density 3 (1 — 545) of 1’s.
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Final Thoughts

@ Union and intersection for closed sets can be inverted.

@ QUESTION: How effective is the decomposition of random
sets?

@ QUESTION: What are the possible asymptotic densities of
members of random closed sets.

CONJECTURE: Not all densities are possible.

@ QUESTION: What can we say about the members of a
random closed set Q which are computable from Q —or
just HY, Q) for some computable Y.

@ PROBLEM: Is there a random closed set Q and a
noncomputable A such that A <; X for all X € Q.

NOTE: Such A has to be K-trivial (observation of Slaman).

Random Variations



Alternate Approaches
UNIONS AND INTERSECTIONS
RANDOM CLOSED SETS MEMBERS OF RANDOM CLOSED SETS

References

@ Barmpalias, Brodhead, Cenzer, Dashti and Weber
Algorithmic randomness of closed sets
J. Logic and Computation 17 (2007), 1041-1062.

@ Bjorn Kjos-Hanssen
Infinite subsets of random sets of integers
Math. Research Letters (to appear)

@ David Diamondstone and Bjorn Kjos-Hanssen
Members of random closed sets
CIE 2009

Random Variations



Alternate Approaches
UNIONS AND INTERSECTIONS

RANDOM CLOSED SETS MEMBERS OF RANDOM CLOSED SETS

e THANK YOU

Random Variati



	Introduction
	NOTIONS OF RANDOMNESS.
	GOALS AND MOTIVATION

	RANDOM SETS OF INTEGERS
	RANDOM CLOSED SETS
	Alternate Approaches
	UNIONS AND INTERSECTIONS
	MEMBERS OF RANDOM CLOSED SETS


