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Conditional probability:

P: computable probability on X x Y (= Q32).
marginal distributions

Px(z) ;= P(z,9).

Py (y) := P(€2,y).
conditional probability -

P(zly) := P(z,y)/Py(y) fory € S
P(z|y™) 1= yl_l%o P(z,y)/Py(y) for y>™ € Q

(if the right-hand-side exists.)
Notation:
S:={0,1}*, Q:={0,1}°, x,y € S, x°°,y*° € Q.

A(zx) ;= {zy>|y>* € Q}, P(z,y) .= P(A(z), A(y))



RE: the set of ML random sequences w.r.t. P.

Theorem 1 If y>®° € RYY then P(-|y™) is a probability measure
on S2.

Remark: It is known that P(:|y°°) is a probability measure on 2
for almost all y°°.

Outline of proof)

o limy,_, 00 P(z,y)/Py(y) < 1 exists by martingale convergence
theorem for random sequences.

Ve, 0 = Ilim P(x|y) — P(x0|y) — P(x1|y)
y—y>
= P(xz|y™) — P(z0|y~) — P(z1|y™)
ged



Lambalgen’s theorem for correlated probability:
Ry 1= {2 € Q|(z™,y™®) € R}
P(-|y*°) : conditional prob. w.r.t. y*°.

RECI™) Y .= the set of ML random sequences w.r.t.P(-|y™).

Theorem 2 Let P be a computable probability on X xY (= Q2).
If P(-|y®>®) is computable relative to y>®° € RYY, then

In [Takahashi 2008], “uniform computability” assumption was
used to show REC147),4™ R?foo.



Notation: S/ C S, S’ i1= Ugc g A(s).
Outline of RFCIY™).v™ 5 RE

The proof is done by extending a ML-test w.r.t. P(-|y*°) to a
ML-test w.r.t. P on Q2.

Fix y°° € 72{;
A, B . partial comp. func.
A:SxSxN—=Q, Ve, kdy C y*°, |P(x|ly>®) — A(x,y, k)| < %

B:NxNxS — S, U/ := {B(i,n,y)|3,yC y>°} is a ML-test
w.r.t. P(-|y>®) and P(Uj |y>®) <27 ™.

For simplicity, suppose that P(x|y*>°) > 0 for all z.



1 1
Vn L= {(m,y,k)Elz,B(z,n,y) — X, E < EA(xayﬂlC)}

Since P(xz|y®®) > 0, V, is r.e. and P(z|y*>°) < %A(a:,y, k).

Then thereisar.e. W, C S xS x N s.t.

W', C V', Where W/% = {(x,y)|(x,y, k) € Wp}, VT;J = {(z,y)|(z,y, k) € Va},

S A(m,y,k)P(y) < 27"
(Cl?,y,k)EWn

04" = W'y, yoc.



Finally let
n={(z,2) e SxS| (a,y) € Wy, yCz
3

Then P(Uy) < %Z(:c,y)ew;b Az, y, k)P(y) < 2712,

Since P(z|y) — P(z|y™>®) as y — y>° for y>*° € RYY,
U;’{oo — Un,yooa

and U, is a ML-test of P.

The converse inclusion is shown in [takahashi 2008].



Monotone complexity



Order structure:
Az) ;= {(wy,wo,...) € Q®WVi,z; C w;} for z = (z1,22,...) € (SUQ).

x Cyif A(z) D A(y).

((SUQ), L) : partially ordered set.
S* = U,S* n:S*— 8>,
n(zx) ;= (z, \, \,...)
[z] := {yIn(z) = n(y),y € S}
[z] T [y] if n(z) C n(y).
S*/ker(n) := {[x]|x € S*} : partially ordered set

n:S*/ker(n) — (SU)™, n([z]) :=n(x): 1-1 order preserving.



\/ A : the least upper bound of A for A C S*/ker(n).
The VV A exists in (SUQ)>® iff NacaA(n(x)) £ 0.

Monotone function and complexity:

Let FF C S*/ker(n) x S*/ker(n) and Fp, := {z|(p,x) € F}.
Assume:

a0) Vp € S*/ker(n), [A] € Fp.

al) Vp € S*/ker(n), Vyc,Fy exists.

Set

f(p) = \/ Fp, for pe (SUQ). (1)
p'Cp, p'eS*/ker(n)
Then

fr(SU)® = (Su)>® and p Cp= f)C f(p).

Conversely, let f: (SUQ)*® — (SUR) be a monotone function,
and set

F = {(p,z) € 8" x S*In(x) C f(n(p))},
10



Then V Fp = f(p),
F' satisfies a0 and al, and the function defined by F coincides

with f.

If F'is a r.e. set and F' satisfies a0 and al, then the function f
defined by (1) is called computable monotone function.

Kmy(z) := min{|p||z T f(p)}, for z € (SU)™,|p| := > _Ipil.

Kmy(z) := Kmg(n(x)), for x € S™.

Km(z) := Kmy(xz), u is optimal.



Levin-Schnorr theorem for product space:

ACS* and r.e..

Condition 1) if z,y € A then, x and y are comparable or
A(x) N A(y) = 0.

Condition 2) there is a recursive function f : S* x N — A such
that for any = € S*, A(x) = f(x,N) and f(z,N) is prefix-free.

A(x>®) :={z € S*|lx € A, z C z°°}.
P : computable probability on (Bg, Q2°°).

Bawe = o{A(n(z))|z € S*}.
Theorem 3 (Levin-Schnorr theorem on product space) Under
Condition 1 and 2,

> e RYiff sup —log P(z) — Km(z) < oo.
rEA(x>®)
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Ifu: (SUQ)® — (SUR)>® optimal and f: SUQ — (SUQ)*®
then

Kmy(x) < Kmy¢(z) + O(1).

Corollary 1 (One dimensional coding)

If A C S*™ is decidable
then thereis f : SUQ — (SUQ)*® and

Kmg¢(x) < —log P(z) +O(1) for z € A.

In particular if z>° € RY and A is decidable then under Condition
1 and 2,

sup |[Kmy(x) — Kmg(z)| < oo.
rEA(x)
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Consistency of posterior distribution:

Example: Let Py be Bernoulli model, then limy,, E(0| X1, Xo,...Xn) =
0, Py — a.s. (consistency of posterior distribution).

We have a stronger statement for the consistency of posterior
distribution.
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Theorem 4 Let P be a computable probability on X xY, where

X =Y = Q. Assume that Py(y) > 0 for all y € S. The following
Six statements are equivalent:

(1) P(-|y) L P(-|z) ifA(y) NA(z) =0 fory,z€ S.

(2) RPCID ARPCID = if AN A(2) =0 fory,z € S.

(3) Py|x(-|x) converges weakly to Iyec as x — x°° for (z°°,y>°) €
RE  where JIES is the probability that has probability of 1 at y*°

(4) R?]joo Zoo—@lfy #£ 2

(5) There exists f : X — Y such that f(z*>°) = y*>° for (*>°,y>°) €
RE.

(6) There exists f : X — Y and Y' C Y such that Py(Y") =1
and f =y, P(-;y>*®) —a.s. fory*® cY’.
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Thank you.
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