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Coding invariant properties |

Q - set of all infinite binary sequences, where «, 8 € Q;

o < B if o = F(pB) for some computable operation F (Turing
reducible);

o = B (Turing equivalent) if o < B and B < .

Informally speaking, the sequences a = 8 have the same
information content (up to finite descriptions of the coding
methods).

A C Q- coding invariant if ® € Aand a = o implies a € A for
any o, o € Q2 (A consists of Turing degrees). -3



Apriory semimeasure J

= - set of all finitesequences, Z™ - set of all nonnegative real
numbers;

A function P: = — #Z* is r.e. semimeasure if

P(A)=1;

P(x0)+ P(x1) < P(x);

{(r,x):re 2,r < P(x)}isr.e. set, where r is a rational number.

M - the apriory semimeasure: for any r.e. semimeasure P a
constant ¢ exists such that M(x) > cP(x) for all x € =.



Extension on the set 2 )

A - Borel sigma-algebra on Q generated by intervals
Nx={weQ:xC o}

l:" - a semimeasure, _
P - the maximal measure such that P < P:

P(Tx)=inf ¥  P(y)
M xCy.l(y)=n

P is extended on all Borel subsets of Q



Negligible sets )

Ais negligible if M(A) = 0.

A is negligible if and only if

P(A) = 0 for each r.e. semimeasure P;

L{a: F(a) € A} = 0 for each computable F, !

M{o: Ja(a € Aka < o)} = M(UFF~1(A)) =0.

Tsince P(A) = L(F~'(A)), where L is uniform Lebesgue measure on QW
L(My) =27109.



Algebra of invariant properties |

A C Qs coding invariant if @ € A and @ = @ implies a € A for
any o, o € Q.

I - Boolean algebra of all coding invariant Borel subsets of ;

T =1/ ~ - factor-algebra of / with respect to the equivalence
relation B
A~ B« M((A\B)U(B\A)) =0,

where A,B € I.



Trivial elements )

a = [A] - the element of T defined by a coding invariant set
Aecl

P(a) = P(A) for any semicomputable semimeasure P, where
Aca.

0 = [0] - zero element - consists of all coding invariant subsets
of Q of M-measure 0, M(0) =0,

1 =[Q] - unit element, M(1) >0,



Random sequences )

By Zvonkin and Levin for any sequence w Martin-Lof random
with respect to a computable measure

@ o is computable, or

@ o = a, where « is Martin-Lof random with respect to the
uniform measure L.

km(a) = n+ O(1), where a" is the prefix of a of length n, and
km(x) is monotonic complexity;
o can be optimally compressed.



Elements of T generated by random sequences: J

¢ = [C], where C - set of all computable sequences, M(c) > 0,

r = [R], where R - set of all sequences random with respect to
the uniform measure L and R ={o : 3a(a € R&o = w)},

M(r) > 0 and P(r) = 0 for each computable measure P.

r contains information which can be optimally compressed.



d e T - atom if d £ 0 and it cannot be represented as d =aUb,
whereanb=0,a#0and b #0.

This theorem is a corollary of Kolmogorov’s 0 — 1 -law.

(Leonid Levin).
The elements r and ¢ are atom elements of T.

Optimally compressed nontrivial information cannot be
distinguished from a random noise.



Sketch of the proof. )

(Q,L, %) - probability space, where
% - Borel field generated by all random variables f,(®) = wp,
n=1,2,..., o= mm... is a binary sequence.

fi,f,... - independent random variables.
PBn = B(fn,fr11,...) - Borel field generated by £, fr11,....

A€ %, for all i, where A is invariant with respect to inverting of a
finite number of bits.

Since A € N;%;, by Kolmogorov’s 0 —1 - law L(A) =0 or
L(A)=1.



R - the set of all Martin-L6f random with respect to L sequences
is invariant with respect to inverting of a finite number of bits.

AC Rand M(A) > 0 then L(A) > 0.

If R= AU B, where A, B - invariant Borel sets then L(A) =0 or
L(B)=0.

Then M(A) =0 or M(B) =0,

since L(A) = [, 2t(»)dM and 2= (w) > 0 for M-almost all
o € R.

Any set of sequences generating an atom cannot be divided on
two parts of positive measure M by their information content.



A problem arises (Leonid Levin):

Does 1 =ruc? )

Informally,

Does any infinite non-computable sequence can be optimally
compressed? ’




d=1\(ruc)#0.

By this theorem M(D) > 0, where d = [D].

Equivalently, L{w : F(w) € D} > 1 — ¢ for some computable
operation F, where € > 0.

We can generate on probabilistic machine sequences which

cannot be optimally compressed.

In particular, these sequences cannot be Turing equivalent to
sequences Martin-L6f random with respect to a computable

measure.
e




Main tool J

Qp = Q\Up x)=ol x - support set of a semimeasure P;
Evidently, P(Q) = P(Qp).

A semimeasure P (and the corresponding measure P)is
non-degenerate if P(2) > 0.

A non-degenerate measure P is concentrated on its support set
Qp.



Application to algorithmic randomness )

Proposition

There exist a non-degenerate r.e. semimeasure P such that for
any o € Qp and for any computable operation F, F(®) is not
Martin-L6f random with respect to the uniform measure L.




Sketch of the proof of Proposition. J

Directed graph:

= - the set of all vertices, G - the set of edges, where

(x,x0), (x,x1) are directed edges of unit length;

(x,y) - extra edges, where x,y € =, x C y and I(y) — I(x) > 2.

Network: on this graph with one source A (empty sequence)
and with no sink:

q(x,y) - network capacity of the edge (x,y) € G:

Y alxy) <1
y:(x.y)eG

and q(x,x0) = g(x,x1) forall x € =.



Frame function:

R(l):1;

= Y qx.y)R

(x.y)eG

fory #£A.

Network flow (with delays) is the minimal semimeasure P > R.
By definition P is r.e semimeasure.

P(Qp) - flow value.



The goal of the construction: |

Fi(x) - a sequence of all computable operations;

Each extra edge o corresponds to some task (i, k), where i is
the program of F; and k is the number of a session.

The goal of the task (i, k): to define a finite set of extra edges
such that for each infinite binary sequence w:

@ either o contains some extra edge (x,y) as a subword
X C y C o such that I(Fi(y)) > n(x, k), where n(x, k) is the
order number of the pair (x, k), or

@ s(x) =1 for some x C w, where s(x) -a network flow delay
function, if no such extra edge (x, y) exists;

s(x) =1-q(x,x0)—qg(x,x1). ,wmfp



q(x,y) determines a portion of the network flow P(x) outgoing
from the vertex x along the extra edge (x,y);

s(x) = A for all x of some length n, where A is sufficiently
small; a portion of the network flow which is temporary delayed;

q(x,x0) = gq(x,x1) = 3(1 — s(x)) for these x;

A is released if di(y) sufficiently large for some y such that
X C y; In this case:

@ define q(x,y) = s(x) = A and add the extra edge (x, y);
@ delay a new A-portion of network flow on all y such that
XqZy.



More details: )

@ If no such y exists then Fj(®) is finite; only a small portion
A of the network flow is delayed on all steps.

@ If such y exists, the A-portion of the network flow is
directed along the extra edge (x, y). We define
s(z)=A/(1—A)) for all z of length /(y) such that x C z
and z # y. Again, a portion A of the network flow is
delayed.

Since s(»") increases along each infinite w, each session
proceeds at a finite number of steps.

If Fi(w) is infinite then for any k, Fi(w) belongs to the union of a

r.e. sequence of intervals defined by extra edges (x,y) of the |
measure ¥y ;)2 1K) < 27, o>



The information-theoretic structure of the algebra T is
described by the following theorem.



Letaq,as,as,... be all atom elements of T. The decomposition

1 :U7°:1a,Ud

of the unit element of the algebra T is valid , where

@ the atom aq =r is generated by all Martin-Léf random
sequences;

@ the atom a, = ¢ is generated by all computable sequences;

@ the atoms az,ay, ... are generated by infinite sequences
which cannot be information equivalent to Martin-Léf
random sequences;

@ d is the non-zero infinitely divisible element of T generated

by the measure-theoretic complement of all atoms.




By definition the element d =1\ -, a; is infinitely divisible,
i.e., for any non-zero x C d a decomposition x = x4 UX» is valid,
where x1 NX> =0, Xy # 0 and x, # 0.

Details of the proof )

(Q, P, #) - probability spaces, m=3,4,....
am = [Um], where

Un = {0 € Qp, : %2(w) > 0} (Radon - Nicodim derivative);

cM(Um) > Pm(@am) = Pm(Un) = Pm(Qp,) >0



an is an atom J

By construction there exists a sequence ny < o < ... such that
fi(w) = op10p42...0n,,,[=1,2,...

is a sequence of independent random variables, where o € Q;

PBi = A(f;,fi.1,...) - descending sequence of Borel fields.

A € % for all i for any Borel A invariant with respect to inverting
of a finite number of bits.

Since A € N;%;, by Kolmogorov's 0 — 1 - law Pp,(A) =0 or
Prn(A) = Pm(Q) = M(A) = 0 or M(A) = M(Qp,).



Related results }

d:=— %" be a computable function.

d(w) = sup,d(@") - extension on infinite sequences .

Proposition

There exist a non-degenerate r.e. semimeasure P such that for
any o € Qp

d(w) =

for each computable function d such that d(a) is unbounded on
eachintervalTyn ={a e Q: 0" Ca},n=1,2,....




Corollary

There exist a non-degenerate r.e. semimeasure P such that
each o € Qp

@ /s not random with respect to any effectively compact class
of (non-computable) probability measures (Bernoulli
measures, Markov chains of finite order, stationary
measures);

@ the pointwise ergodic theorem is not valid for o for each
(maybe non-computable) stationary measure P for each
computable real function f and computable transformation
T preserving the measure P:

lim — Z (T

Nn—oo N 4

does not exists. >




Sketch of the proof of Corollary. |

@ the sequence d;(x) contains all universal tests for the
classes of measures;

@ the sequence dj(x) contains all lower semicomputable
Bishop’s tests d(x) (defined in terms of computable f and
T) such that

d(0) <= lim IS f(T/(0)) exists.

1



